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Abstract. Let £ be a globally generated vector bundle of rank e > 2 over 
a reduced irreducible projective variety X of dimension n defined over an 
algebraically closed field of characteristic zero. Let L := det(i?). If deg(_E) := 
deg(L) = L n > and E is not isomorphic to O^ - © L, we obtain a sharp 
bound 

deg(£) > h°(X,E) - e 
on the degree of E, proving also that deg(L) = h°(X, L) — n if equality holds. 
As an application, we obtain a Del Pezzo-Bertini type theorem on varieties of 
minimal degree for subvarieties of Grassmannians, as well as a bound on the 
sectional genus for subvarieties X C G(fc, N) of degree at most N + 1. 



1. Introduction 

Let X be a reduced irreducible projective variety of dimension n defined over an 
algebraically closed field k of characteristic zero. 

If X C P N is a non-degenerate embedding (i.e. not contained in any hyperplane) 
then 

deg(X) >N + l-n, 

and X C P N is said to be a variety of minimal degree if equality holds. These 
varieties were classified by Del Pezzo [5] for n = 2, and Bertini [I for n > 3 (see 
also [3] for a modern account). A variety of minimal degree turns out to be either a 
linear space, or a quadric hypersurface, or a rational normal scroll, or (a cone over) 
the Veronese surface in P 5 . 

More generally if L is a globally generated line bundle on X and deg(L) ;= L n > 
0, then 



deg(L) > ti'(X,L) 



n, 



and, if equality holds, then tp\ L \ : X — > X' C P' 1 ( X ' L )~ 1 is a birational morphism 
onto a variety of minimal degree, so in particular X is rational. 

In this note, a similar bound is obtained for a globally generated vector bundle 
E of rank e > 2 over X such that deg(S) := deg(L) = L n > 0, where L := det(E). 
If E^ O e x x ®L then 

deg(.E) = deg(L) > h°(X, L)-n = h°{X, E) — e + l — n. 

Therefore, we assume E different from O^ 1 © L in the sequel. The main result of 
the paper is the following: 

Theorem 1. Let E be a globally generated vector bundle of rank e > 2 on X and 
let L := det(_E). If deg(E) > and E is not isomorphic to O^ 1 © L, then 



deg(E) > h°{X,E) 
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Moreover, if equality holds then deg(L) = h (X,L) — n and, in particular, X is 
rational. 

We remark that this bound does not depend on the dimension of X, as one might 
expect a priori. 

For general Cartier divisors Y\, . . . , Y n -\ G \L\, let C :— n™^ 1 !^ denote the curve 
section (consider C = X for n = 1) and let p a {C) denote its arithmetic genus. As 
a byproduct of the proof of Theorem [2 we also obtain the following result: 

Corollary 1. Let E be a globally generated vector bundle of rank e > 2 on X and 
let E* denote its dual bundle. Assume h°(X,E) > e + 1 for n > 2. If deg(E) > 
and E is not isomorphic to O e ^ © L, then: 

(i) ifdeg{E) < h°(X,E) - h Q {X,E*) then C = P 1 . Moreover, if X is normal 
then deg(L) — hP(X,L) — n and X is rational; 

(ii) ifdeg(E) = h°(X,E) - h°(X,E*) then either Pa (C) < I, or C is hyperel- 
liptic and the restriction of E to C satisfies Eq — O r c © g\ © • • • © g\ , where 
r := h°(C, Eq) and g\ denotes the pencil of degree 2 on C . 

Remark 1. For n = 1, both Theorem[T]and Corollary [T] hold under weaker hypothe- 
ses (see Lemma [2] and Proposition [2]). 

As an application of Theorem [TJ we extend Del Pezzo-Bertini's theorem to non- 
degenerate subvarieties X C G(k,N) of Grassmanians of fc-planes in ¥ N . In this 
context, non-degenerate means that X is not contained in any G(k, N — 1): 

Corollary 2. Let X C G(k,N) be a non-degenerate embedding. If X C G(k,N) is 
not contained in any Schubert variety il(fc — 1,N) of k -planes containing a linear 
subspace P fc_1 C then 

deg(X) >N-k, 

where deg(A) is the degree of X C P M given by the Pliicker embedding of G(k, N). 
Moreover, if equality holds then X C P is a variety of minimal degree in its linear 
span. 

Furthermore, we can also rephrase Corollary[T]for subvarieties of Grassmannians. 
Let X C G(k,N), and let Ox(l) denote the line bundle on X giving the Pliicker 
embedding X C P M . For general Cartier divisors Hi,...,H n -i G Ox(l), let 
C := n™ _1 i?i denote the curve section (consider C = X for n = 1) and let Pa {C) 
denote its arithmetic genus: 

Corollary 3. Let X C G(k, N) be a non-degenerate embedding. Assume N— k > 2 
for n > 2. Let s < k — 1 be a non-negative integer. If X C G(fc, N) is not contained 
in any Schubert variety Q,(s,N) of k -planes containing a linear subspace P s C P^, 
then: 

(i) i/deg(A) < N — s then C = P 1 . Moreover, if X is normal then X C P M 
is (a linear projection of) a variety of minimal degree in its linear span; 

(ii) ifdeg{X) = N + l-s then p a {C) < 1. 

It is proved in [7] that non-degenerate manifolds X C P N of degree deg(A) < N 
are simply connected. This topological result follows as a corollary of a complete 
classification of such manifolds. According to Corollary O the Pliicker embedding 
of a non-degenerate normal subvariety X C G(k, N) of degree deg(A) < N not 
contained in any Schubert variety O(0, N) is either a linear space, or a quadric 
hypersurface, or a rational scroll, or (a cone over) the Veronese surface. Hence, we 
also deduce a posteriori a similar result for subvarieties of Grassmannians: 
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Corollary 4. Assume N — k > 2 for n > 2. Then, a non- degenerate normal 
subvariety X C G(/c, N) of degree deg(X) < N not contained in any Schubert 
variety O(0, N) is simply connected. 

The bound deg(X) < N is optimal in both [7] and Corollary 2J Indeed, for any 
r > 1 there exist r-dimensional elliptic scrolls in P 2r of degree 2r + 1. Considering 
the corresponding elliptic curve in G(r — 1, 2r) of degree 2r + 1, we obtain that also 
our bound is sharp. On the other hand, if we consider a cone in p 2r+1 of vertex a 
point over an r-dimensional elliptic scroll in P 2r of degree 2r+ 1, the corresponding 
elliptic curve of degree 2r + 1 in G(r, 2r + 1) shows that the assumption X not 
contained in any Schubert variety O(0, N) cannot be dropped. 

The paper is organized as follows. Section[5]is devoted to the proof of Theorem[Tj 
and Corollary [TJ To this purpose, the crucial point here is to prove that h°(X, E) < 
h°(C, Ec) whenever E is not isomorphic to O e x ' 1 ®L and deg(E) > (see Corollary 
[5|. Then we obtain a degree bound for globally generated vector bundles on curves 
(see Lemma [2] and Proposition [2|) . Using the correspondence between globally 
generated vector bundles and maps to Grassmannians, in Section [3J we translate 
Theorem [Tj and Corollary [T] into Corollary [5] and Corollary [3J respectively. Some 
examples of subvarieties on the boundary are also included. 

2. Proof of Theorem [TJ 

Let E be a globally generated vector bundle of rank e > 2 on X and let L := 
det{E). 

Proposition 1. If h°(X, E © L _1 ) ^ then E = O^ 1 © L. 

Proof. Let s G H°(X, E © L~ r ) be a non-zero section. Consider the corresponding 
exact sequence of sheaves on X 

L >■ E >■ F 0. 

Let Z = {x G X | s(x) = 0} denote the zero-locus of s. We claim that Z = 0. To 
get a contradiction, let x € Z and let C C X be a curve not contained in Z such 
that x G C. Restricting the above exact sequence to the normalization C of C, we 
obtain an exact sequence of sheaves 

^ L d ^ E d >■ Q 8 t + , 

where Q is a vector bundle of rank e — 1 on C and t is a torsion sheaf on C . Then 

deg(Q) + length(t) = deg{E d ) - deg(L d ) = 0. 

This yields a contradiction since Q is globally generated, so deg(Q) > 0, and 
x G Supp(t), so lcngth(t) > 1. 

We deduce from Z = that F is a globally generated vector bundle of rank 
e — 1 over X. Thus there exists a morphism of vector bundles u : O^ 1 — » F 
of rank e — 1 at some point x G X, and taking determinants we get a morphism 
det(u) : Ox ~^ dct(F). Then ti has rank e — 1 at every x G X, since det(i 7 ') = 
Cl (F) ci(.E) - Ci(L) Ox- Therefore F O^ 1 , whence E ^ O^ 1 © L since B 
is globally generated (cf. Remark [5]). □ 

Remark 2. Let E 1 * denote the dual bundle of E. If E is a globally generated vector 
bundle on X we recall that h°(X,E*) = r if and only if I? = O^- © F, where 
F is a globally generated vector bundle with h°(X,F*) = 0. Moreover, if X is 
a curve, then a globally generated vector bundle E on X is ample if and only if 
h a (X,E*) = 0. 
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For any Cartier divisor Y € \L\, let E Y denote the restriction of E to Y . It 
follows from Remark H that h°(Y,E Y ) > h°(X,E*). Moreover: 

Lemma 1. If h°(Y, E Y ) > h°(X,E*) for some Y e \L\, then h°(X,E) = e + 1. 

Proof. Let s := h°(X, E). Consider the exact sequence of vector bundles 

G O s x ^ e 0, 

where G arises as the kernel of the evaluation morphism. Dualizing the exact 
sequence above and restricting to Y, we obtain the following commutative diagram: 





> e* <g L- 1 *- O s x <g> L- 1 ^ G* <g> L' 1 >■ 



E* O a x >- G* 



Ey ^ Oy G*y ^ 





If h°(Y,E Y ) > h°(X, E*), then a simple diagram chase shows that h°(X,G* ® 
L- 1 ) ^ 0. It follows from Proposition Q] that G* ^ O s x e ^ x © L, where L = 
det(E) = det(G*). In particular G = 0^~ 6_1 © L' 1 , whence s = e + 1 since 
h°(X,G) = 0. □ 

Assume furthermore n > 2 and deg(_E) > 0. For general Cartier divisors 
Yi, . . . ,Y n _i <E |L|, let C := n™Tj Yi denote the curve section. Proposition [T] and 
Lemma [1] yield the following: 

Corollary 5. Assume n>2 and deg(E) > 0. Tf-E is not isomorphic to O e x x ©L, 
then: 

(i) h (X,E)<h°(C,E c ); 

(ii) ifh°(X,E) > e+1, then h°(X,E*) = h°(C,E%). 

Proof. We first remark that nj =1 l^ is reduced and irreducible for every j G {1, . . . , n— 
1}. This follows from Bertini's theorems applied to the morphism <p\l\ '■ X — > 
ph°(x,L)-i ^ gee ^ £ Qr instance, [H Corollary 6.11]). Here the hypothesis char(fc) = 
is used. If h°(X, E) = e + 1 then h°(C, Ec) > e + 1, since Ec is globally generated 
and non-trivial. Assume now h°(X,E) > e + 1. Consider the exact sequence 

>■ E <g> L' 1 *- E >~ E Yl 0. 

It follows from Proposition[T]that h°(X, EtgiL' 1 ) = 0. Hence h°(X, E) < h°(Yx,E Yl ). 
On the other side, Lemma [T] yields h°(X,E*) — h° {Y 1 , E Y ) . In particular, E Yl 
cannot be isomorphic to O^T 1 © L Yl . Combining Proposition Q] and Lemma [T] we 
recursively obtain h°(X,E) < h°(Y u E Yl ) < h°(Y 1 r\Y 2l E YinY2 ) <■■■ < h°(C,E c ), 
and also h°(X, E*) = h°(Y u E Yi ) = h°{Y 1 n Y 2 , E Yin y 2 ) = ■■■ = h°(C, E* c ). □ 

We now consider globally generated vector bundles on curves. The following 
lemma generalizes [?, Proposition 2] : 
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Lemma 2. Let C be a reduced irreducible curve of arithmetic genus p a (C) > 1. 
Let E be a globally generated vector bundle of rank e > 1 over C , and let E* denote 
its dual bundle. Then 

deg(E) > h°(C, E) - h°{C, E*). 

Proof. By Remark [21 we may assume that E is ample, and, in that case, it is 
enough to prove that deg(-E) > h°(C,E). We proceed by induction, as in [7]. 
Assume e = 1. If h}{C,E) — the result follows from Riemann-Roch's theorem 
for singular curves (see, for instance, Example 18.3.4 (a)]). If h}{C, E) ^ 
then deg(-E) > 2(h°(C, E) — 1) by a generalization of Clifford's theorem (see [4j 
Theorem A]), so deg{E) > h°{C,E) since h°(C,E) > 2 unless E S O c . Suppose 
now e > 2. If h°(C,E) < e then E = O c since E is globally generated, so we 
can assume h°(C,E) > e + 1. So, if p € C is a general point, a general section 
s £ H°(C, E(—p)) does not vanish at any singular point of C. Thus, it induces an 
exact sequence 

>- M >■ E >■ E' >■ 0, 

where M is a line bundle of positive degree and E' is an ample vector bundle of 
rank e — 1 over C. Thus deg(S') > h°(C,E') by the induction hypothesis, and 
using again Riemann-Roch's theorem as well as [U Theorem A] it follows that 
deg(M) > h°(C,M). These two facts together yield 

deg(E) = deg{E') + deg(M) > h°(C, E') + h°(C, M), 

and then deg(^) > h°(C, E), since h°(C, E') > h°(C, E) - h°{C, M). □ 



Furthermore, we state separately the following result that may also be useful for 
some other purpose: 

Proposition 2. If equality holds in Lemma\^ then either E = O e c , or p a (C) = 1, 
or C is a hyperelliptic curve and E = O r c ®g\@--- ®g\> where r :— h (C, E*) and 
g\ denotes the pencil of degree 2 on C . 

Proof. According to Remark[2j we can assume h°(C,E*) = 0. We proceed by in- 
duction on e. Assume e = 1. If /i 1 (C, E) = then p a (C) — 1 by Riemann-Roch's 
theorem. Suppose now h x {C,E) ^ 0. Then h°(C,E) = deg(E) > 2(h°(C,E) - 1) 
by [H Theorem A], whence h°(C, E) = 2 and equality holds. Therefore C is hyper- 
elliptic and E = g\. If e > 2 and deg(-E) = h°(C,E), repeating the argument of 
LemmaHJ it follows that necessarily deg(M) = h°(C, M) and deg{E') = h°(C, E'). 
The induction hypothesis yields that either p a (C) = 1, or C is a hyperelliptic curve 
and E' = g\ © • • ■ © g\ . Moreover, in the latter case [H Theorem A] implies M = g\ . 
Therefore E is an extension of g\ © ■ • ■ © g\ by g\, and h°(C, E) — 2e. Let us show 
that E = g\ © • • ■ © g\ . To the contrary, assume that E corresponds to a non-trivial 
extension £ E Ext 1 {g\ ©••• ®g\,g\) = Ext 1 (O^T 1 , O c ) = H 1 {C,O c ) e ~ 1 . Then, 
there exists also a non-trivial extension £f £ Ext 1 {g\,g\) = i? 1 (C, Oc), yielding a 
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commutative diagram: 




To get a contradiction, we prove that h°(C,E) < 2e. To this aim it is enough to 
check that h°(C, F) < 4. Let D G g\ and consider the corresponding commutative 
diagram: 



Oc 



■9l 



F(-D) 



F ■ 



Oc 



9\ 



■ g\ ® O d 



F®0 



D 



92 ® Od 















Looking at the long exact sequences of the first two rows we obtain the following 
square a, 0, 7, 5: 



0- 



0- 



H°(C,O c ) 



H°(C,F(-D)) 



H°(C,O c ) 



H°{C,gl) 



H°(C, F) 



H°(C,g' 2 ) 



H l {C,O c ) 

6 

■H l {C,g\) 



Then a(l) = £' ^ and 5(£') ^ for a suitable choice of D 6 g\, whence f3 is not 
identically zero. Therefore h°(C,F) < 4 and we get a contradiction. □ 

We now obtain our main result: 

Proof of Theorem^ Using the notation in Corollary[51 assume first that p a (C) > 1. 
From Lemma [21 Remark [5] and Corollary \E\ we get: 

deg(E) = deg(£ c ) > h°(C, E c ) ~ h°(C, E* c ) > h°(C, E c )-e> h°(X, E) - e. 

Moreover, deg(-E) > h°(X, E) — e, since h°(C, E c ) = e implies that Eq is trivial, so 
deg(-E) = 0. Assume nowp a (C) = 0, so C = P 1 . Corollary [5] and Riemann-Roch's 
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theorem give: 

h°(X,E) < h°(C, E c ) = deg{E c ) + e = dcg(£) + e, 

proving the first part. 

We have seen that if deg(i?) = h°(X,E) — e, then necessarily C = P 1 and 
h°(X,E) = h a (C,E c ). Consider the morphism tp : X ->■ G(fc,A) given by E, 
where fc = e — 1 and N = h°(X, E) — 1 (cf. Section [3]). Let G(fc, A) C P M denote 
the Plucker embedding. As £"c is spanned, there is an exact sequence: 

O'c 1 ^ E c *~ L c 0. 

Taking cohomology we deduce that the canonical map /\ e H°(C, Ec) — > H°(C, Lc) 
is surjective. Moreover, as we have seen, the restriction map H°(X, E) — > H°(C, Ec) 
is an isomorphism. It follows that the composition of the restriction tp\ c and the 
Plucker embedding is given by the complete linear system \Lc\- So, tp(C) C P M 
is a rational normal curve in its linear span. We have deg(Lc) = deg(Ec) — 
h°(C, E c ) - e = A - fc, whence the linear span of <p(C) C P M is a P N - k and there- 
fore the linear span of tp{X) C P M is a f>N-k+n-x_ Thus L)>A-fc + n = 
deg(-E) + n = deg(L) + n. So we get > deg(L) + n - h°(X,L) > 0, and there- 
fore deg(L) = h°(X,L) — n. In this case, the corresponding map Lp\ L \ : X — > 

X' c P^ is a birational morphism onto a variety of minimal degree, so X 

is rational. □ 

We proceed with the proof of Corollary [TJ 

Proof of Corollary d Corollary [5] yields h°(X,E*) — h°(C,E c ), since we assume 
h°(X, E) > e+ 1 whenever n > 2. Let us prove (i). It follows from Corollary [5] that 

deg(Ec) = deg(E) < h°(X,E) - h°(X,E*) < h°(C,E c ) - h°(C,E c ). 

Then p a (C) = by Lemma [21 and so C = P 1 . If, moreover, X is normal then it 
easily follows from [9l Theorem 2] that deg(L) = h (X, L) — n. Hence X is rational 
as before. We now prove (ii). If deg(£J) = h°{X,E) ~ h°(X,E*) then deg(£ c ) < 
h°(C, Ec)~h°(C, E c ), and the thesis follows from Lemma[2]and Proposition^ □ 

We remark that the assumption h°(X,E) > e + 1 in Corollary [T] cannot be 
dropped (cf. Remark 

3. A DEGREE BOUND FOR SUBVARIETIES OF GRASSMANNIANS 

We first recall the well-known correspondence between globally generated vector 
bundles and maps to Grassmannians (see, for instance, [6] p. 207). 

If E is a globally generated vector bundle of rank e = k + 1 over an algebraic vari- 
ety X and V C H°(X, E) is a linear subspace of dimension N+l, any epimorphism 
V (g> Ox — * E — > determines a morphism tp : X — > G(fe, JV) such that tp(X) is not 
contained in any G(k,N — 1). Conversely, every morphism tp : A — > <G(k,N) such 
that is not contained in any G(/c, A — 1) corresponds to a globally generated 

vector bundle E of rank fc + 1 on A and an epimorphism V ® Ox — > S — > 0. In 
both cases S = <y3*(Qi4')i where Q denotes the universal quotient bundle of rank 
fc + 1 on G(fc, A) and Qw denotes its restriction to W := <p(X) C G(k, A). We 
simply denote Qx if <p is the inclusion. In particular, for e = 1 we recover the corre- 
spondence between globally generated line bundles and maps to projective spaces. 
Moreover, if G(fc, A) C P M denotes the Plucker embedding of the Grassmannian 
then its restriction W C P M is given by a base point free linear system contained 
in |CV(1)|, where O w (l) := det(Q w ). 
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Remark 3. Let f2(s, N) C G(k, N) denote the Schubert variety of fc-planes con- 
taining a linear subspace P s C P^. Then, X C G(k,N) is contained in a f2(s, AT) 
if and only if Qx has a trivial quotient C7^~ , and this happens if and only if 
E ^ O 8 / 1 © F, where F is a globally generated vector bundle on X of rank k — s 
(cf. Remark EJ. 

Theorem [T] allows us to extend Del Pezzo-Bertini's theorem on varieties of min- 
imal degree to subvarieties of Grassmannians: 

Proof of Corollary [H We deduce from Remark [3] and Theorem [1] that 

deg(X) = deg(Qx) > h°(X,Q x ) - e, 

so deg(X) > N - k since h°(X,Q x ) > N + 1 and e = fc + 1. Furthermore, if 
deg(X) = N - k the linear span of X C P M is a p^-fc+n^ as we concluded at the 
end of the proof of Theorem [1] Therefore X C P M is a variety of minimal degree 
in its linear span. □ 

Remark 4. If X C G(fc, AT) is a non-degenerate embedding contained in a Schubert 
variety 0(A; - 1, N) or, equivalently, Q x = O l x © then X C - 1, AT) = 

pjv-fc £- pAf j g a non _o; e g enera te embedding of X in P-" - *, and hence the bound 
deg(X) > N — fc + 1 — n cannot be improved. 

Example 1. Let us show some examples of subvarieties X C G(k,N) of degree 
deg(X) = N — k and not contained in any — 1, N): 

(i) Let X = P™. Consider the embedding X = G(n — 1, n) given by E = 

T 9 n{-1). 

(ii) Consider X — G(l,3), which is a hyperquadric in P 5 by the Pliicker em- 
bedding. 

(iii) Let X = P 2 . Consider the embedding X C G(l, 5) given by E = 0^(1) © 
0^2(1). The Pliicker embedding of X is a Veronese surface in P 5 . 

(iv) Consider a Schubert variety X = fi(l 5 N) C G(l, A 7 "). The Pliicker embed- 
ding of X is a cone of vertex a point over the Segre embedding P 1 x P^ -2 , 
so deg{X) = N - 1. 

We proceed with the proof of Corollary [3l 

Proof of Corollary If X C G(fc, N) is not contained in any 0(s, AT) then it follows 
from Remark [3 that h°(X,Q* x ) < s. Therefore 

deg(Qx) = deg(X) <N + l-s< h°(X, Q x ) - h°(X, Q* x ), 

We deduce from Corollary [1] that p a (C) < 1 unless C is hyperelliptic and Qc — 
O r c ®g\(B- ■ - ®g\- But the latter cannot occur since the morphism ip : C G(k,N) 
corresponding to Qc is not an embedding. Indeed, <p : C — > >p(C) C P M is a double 
covering of a rational normal curve of degree k + 1 — r. □ 

Remark 5. If X C G(fe, k + 1) = P fe+1 then Corollary [3] does not hold, since the 
assumption h°(X, Qx) > e + 1 in Corollary [T] is not satisfied. 

Example 2. Some examples of Del Pezzo manifolds in G(fc, AT) of degree A^ + 1 and 
not contained in any £7(0, N), thus on the boundary of CorollaryEJ are given by the 
intersection of G(l, 3) C P 5 with a general hyperquadric of P 5 , or by X = G(l, 4). 
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